We consider a single rigid Brownian active particle that swims in a Newtonian fluid with a fixed speed U 0 in a direction specified by a body-fixed unit orientation vector q, which relaxes with a timescale τ R due to rotational Brownian motion. We analyze the dynamics of this active particle in a steady simple shear flow described by a constant and uniform velocity-gradient tensorΓ.
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We consider a single rigid Brownian active particle that swims in a Newtonian fluid with a fixed speed U 0 in a direction specified by a body-fixed unit orientation vector q, which relaxes with a timescale τ R due to rotational Brownian motion. We analyze the dynamics of this active particle in a steady simple shear flow described by a constant and uniform velocity-gradient tensorΓ.
The dynamics of the active particle is described by P (x, q, t), the conditional probability of finding the particle at position x with orientation q at time t. As given in the main text, the Smoluchowski equation governs the probability distribution,
where the translational and rotational fluxes are given by, respectively,
The dimensionless tensors Λ and E are the antisymmetric and symmetric contributions of the velocity-gradient tensorΓ =Γ/γ, whereγ is the magnitude of shear rate, I is the isotropic tensor, and ∇ ≡ ∂/∂x and ∇ q ≡ ∂/∂q are the physical-space and orientation-space gradient operators, respectively. The operator ∇ q ≡ ∂/∂q is not to be confused with the
, where a and b are the semi-major and minor axis of the particle, respectively; B = 0 for a spherical particle.
For microorganisms like gravitactic, magnetotactic, and phototactic bacteria, the rotational flux has an additional term incorporating the effects of an external torque or field.
From Eqs S1-S3 we arrive at a convection-diffusion equation for the structure function g(k, q, t), defined as P (k, q, t) = g(k, q, t) n(k, t), where · represents the Fourier transform with respect to position, k is the wave vector, and n(k, t) ≡ P (k, q, t) dq is the Fourier transform of the local number density of active particles. We expand in the short wave vector
Physically, g 0 is the orientation distribution field of the active particle and d is the probability-weighted fluctuation field of a particle about its mean velocity.
For an active particle in a simple shear flow, u ∞ =γye x , the nondimensional evolution equations governing the orientation-distribution function g 0 and the fluctuation field d are, respectively:
The shear Péclet number P e ≡γτ R balances the magnitude of the shear rate and the particle's intrinsic reorientation time. In the d-field equation, the last term on the left, P ed y δ xy , is the convective drift of the fluctuation field and is present only in the x-direction.
The right side of Eq S5 is the forcing due to the orientation distribution, where q = qg 0 (q)dq. The conditions on g 0 and d are that they are finite and normalized: g 0 dq = 1 and d dq = 0.
By solving Eqs S4 and S5, we can compute the average translational velocity, u = U 0 qg 0 dq, and effective translational diffusivity of the particle:
where d is nondimensionalized by the swimmer run length U 0 τ R and [·] sym denotes the symmetric part of the tensor.
Exact analytical solutions to Eqs S4 and S5 are available [10] for spherical particles (B = 0), which govern the orientation distribution function g 0 and the fluctuation field
(3P e 2 − 16) cos φ + 2(5P e 2 + 16) sin φ sin θ,
d y = 1 π(P e 2 + 16) P e 2 sin φ + 2 cos φ sin θ,
Anisotropy in the fluctuation field is apparent in the flow (x), gradient (y), and vorticity (z) directions. Substituting Eqs S8 -S10 into Eq S6, the nonzero elements of the swim
) are:
These analytical results are plotted in Fig 2 of the main text. Results for non-spherical particles for arbitrary P e require a numerical solution to Eqs S4 and S5.
In an experiment or computer simulation, calculation of shear-induced diffusivity is nontrivial because advective drift translates the particles in the flow direction. We cannot simply take the time derivative of the mean-square displacement, xx , because these quantities in general do not grow linearly with time due to Taylor dispersion. Furthermore, crosscorrelations between advective drift in the flow direction and a random walk in the gradient direction give a nonzero contribution [15] . For example, to compute the flow-gradient component of the diffusivity, D xy , from the displacements, one must use
The second term demonstrates that a random walk in the flow gradient direction, y(t)y(t) , allows an active particle to sample new streamlines in the flow direction to give a nonzero D xy . We can use a similar expression to compute D xx [15] .
Using the relationship between the swim diffusivity and the swim stress, we have
Therefore, computing the effective translational diffusivity is equivalent to measuring the stress (or pressure) generated by the particle. For spherical active particles, we can simply multiply Eqs S11-S14 by (nζ) to obtain the swim stress. When there is no nematic ordering of the microswimmers with the imposed flow, g 0 = 1/(4π), and the hydrodynamic stress is
In addition to an indirect calculation of the micromechanical stress via the diffusivity, we can also compute it directly using the virial expression. Here we compute individual components of the swim stress for a spherical particle in a dilute system. From the overdamped Langevin equations, the motion of a non-Brownian particle in simple shear flow is given by dx dt = q x + P e y (S17)
where q = (q x , q y , q z ) T is the unit orientation vector in the direction of self-propulsion, P e ≡γτ R is the shear Péclet number, and length and time are nondimensionalized by the swimmer's run length U 0 τ R and τ R , respectively. Solving these equations, we obtain
We can now directly compute every component in the swim stress tensor σ swim = −n xF swim sym , where F swim = ζU 0 q for active Brownian particles. We obtain
The first term on the right of Eq S19 is the 'self-term' and is equal to (1 + (P e/4) 2 ) −1 /6 (for spheres), which come from the constant angular velocity imposed on the particle due to the shear flow. The second term is the cross-correlation between a random walk in the y-direction and the advective flow in the x-direction. In Eq S20, the second integral on the right shows that random motion in the y-direction, D = 1 1 + (P e/4) 2 .
(S24)
The solutions we have obtained using the virial expression are identical to those obtained using the generalized Taylor dispersion theory in Eqs S11-S13. We again find that the relationship between the mechanical stress and the effective translational diffusivity, σ = −nζD, is true in general for dilute systems with any source of random motion.
